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abstract 



Aspects of d = 4,A^ = 4 superconformal U{N) gauge theory are studied at finite tempera- 
I ' ture. Utilizing dual description of large and strong coupling limit via Type IIB string theory 
compactification on Schwarzschild anti-de Sitter spacetime, we study correlations of Wilson- 
Polyakov loops and heavy quark potential thereof. We find that the heavy quark potential is 
Coulomb-like and has a finite range, as expected for gauge theory in high temperature, decon- 
^ . finement phase. The potential exhibits finite temperature scaling consistent with underlying 
^ I conformal invariance. We also study isolated heavy quark on probe D3-brane world- volume and 
■ ■ ■ ' find supporting evidence that near extremal D3-branes are located at Schwarzschild horizon. 
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1 Introduction 



To understand the large N and classical strong coupling behavior of SU {N) gauge theories has 
been an open problem for decades |]T], ^. Recently, with better understanding of D-brane world- 
volume dynamics, connections to string theory and therefore new approaches to the problem 
have become available. Built on earlier studies of the near-horizon geometry of D- and M- 
branes and their absorption and Hawking emission processes |^, Maldacena has put forward 
a proposal for the large limit of world-volume quantum field theories. In particular, 
the gauge theory Green functions can be calculated via S-matrix elements of anti-de Sitter 
super gravity P, |^. 

Among field theories studied so far, the most tractible case is d = 4, J\f = 4 supersymmetric 
gauge theory with gauge group SU{N) (and truncations to A/" = 2, 1, theories with vanishing 
beta functions) 0. The theory is superconformally invariant and is realized as the world- 
volume theory of A^ coincident D3-branes in Type IIB string theory. The latter configuration 
induces the near-horizon geometry of adS^ x 



ds, 



extreme 



a 



-df + (ix| 



fi'cflf 



whose radius of curvature-squared is g^s 



U2 

9ymN^ where g^^ 



(1) 



AiiB , and whose Freund- Rubin 
background is provided by self-dual flux = = = N. Hence, in the large A^ and 

strong coupling gcs ^ 1 limit, the gauge theory is dual to Type IIB supergravity on adS^ x S^. 

Maldacena's proposal is not restricted to zero temperature and can be extended to the 
study of thermodynamics at finite temperature. At finite temperature, the large A^ and strong 
coupling limit of c? = 4,A/' = 4 supersymmetric gauge theory is dual to the near-horizon 
geometry of near extremal D3-branes P] in Type IIB string theory. The latter is given by a 
Schwarzschild-anti-de Sitter Type IIB supergravity compactification: 



ds' 



a 



(-Hdt^ + c/x^) + Vg (^d\j' + u'dn 

VG^ \H 



(2) 



where 



U4 



H 



U4 



2V , j^' 
3 ^^^Ar2, 



(3) 



The parameter fi is interpreted as the free energy density on the near extremal D3-brane, 
hence, /x ~ {Att'^ /A5)N'^T^. In the field theory limit a' — > 0, remains finite. In turn, the 
proper energy -Egugra = \J gcs/ Oi' and the dual description in terms of modes propagating in 
the above supergravity background is expected to be a good approximation. 
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At a finite critical temperature T = , pure SU{N) gauge theory exhibits a deconfinement 



phase transition M, 10 1. The relevant order parameter is the Wilson- Polyakov loop: 



P(x) = ^TrPexp It I ' Ao{^)dt ] . (4) 



N ^ \ Jo 

Below the critical temperature T < Tc, (P) = and QCD confines. Above T > Tc, (P) 
is nonzero and takes values in Z^, the center group of SU{N) 0. Likewise, the two-point 
correlation of parallel Wilson-Polyakov loops 

r(d,T) ^ (Pt(0)p(d))r = e-^^'^'^)/^ ^ e-^QQ^'^'^)/^ (5) 

measures the static potential at finite temperature between quark and anti-quark separated by 
a distance d. 

At sufficiently high temperature, thermal excitations produce a plasma of quarks and gluons 
and gives rise to Debye mass ~ QcsT (which is responsible for screening color electric fiux) 
and magnetic mass mu ~ fi'eff^ (which corresponds to the glueball mass gap in the confining 
three-dimensional pure gauge theory). Their effects are captured by the asymptotic behavior 
of the heavy quark potential 

V^-^{d,T) ^ -CE^e-2--l^l +■■■ CE = 0{gU 

(6) 

-Cm ^e— Midi +... Cu = 0{g^l,). 

In this paper, utilizing the aforementioned correspondence, we study correlators of Wilson- 
Polyakov loops and heavy quark potential at finite temperature in c? = 4, A/" = 4 supersymmet- 
ric gauge theory. At zero temperature, heavy quark potential has been studied recently |1^ 



and Coulomb-type behavior consistent with the underlying conformal invariance has been ob- 
served 0. We will find that, at finite temperature, the heavy quark potential exhibits short-range 
asymptotic behavior as in Eq. (^), but again in a manner fully respecting the underyling confor- 
mal invariance. We will also study an isolated single quark excitation on a probe D3-brane and 
find an indication that the near extremal D3-branes cannot reside behind the Schwarzschild 



horizon. This provides a further support to the Maldacena's earlier observation [|l^] that near- 
extremal D3-branes are located at the horizon. 

Concurrent with the first version of this paper, a preprint by E. Witten |jl9| and a preprint by 



Brandhuber, Itzhaki, Sonnenschein and Yankielowicz pO| have appeared. The general gesults 
of Witten on the impossiblity of having a phase-transition at finite temperature for the = 4 
theory led us to reconsider related speculations in the original version of our paper. This also 
eliminated discrepancies in interpretation with the second paper mentioned. 



For review of gauge theory at finite temperature, see, for example, Refs. |T2j. 
Quark-monopole potential has also been examined p6[ | utilizing triple string junction [ pT| . 



2 Static Quark Potential at Finite Temperature 



We want to study the dynamics of a test Type IIB string which ends on a near-extremal D3- 
brane. Denote the string coordinates by X^{(j, r), where a, r parametrize the string worldsheet. 
Low-energy dynamics of the test string may be described via its Nambu-Goto action, whose 
Lagrangian is Q 



L^G ~ ~ y '^^ y—dethab + -^^boundary (7) 

Here, the induced metric on the worldsheet is 

hab = G^,{X)daX^dbX'' (8) 

To study the relevant string configurations of our interest, we take X^ = t = t and decompose 
the nine spatial embedding coordinates into components parallel and perpendicular to the D3- 
branes: 

X = (X||,a'U,a'U^^5) . (9) 
In the background metric Eq.(^ straightforward calculation yields ( = dt, ' = d^): 



G " \H 



hoi = -^X|| • x|| + (^-uu' + u^iis . (10) 

From this, it is easy to see that a static configuration is described by 



- J da^U'^ + HUm'i + -X||l (11) 
Recalling that G and H are functions of |Xx| = a'U only, the equations of motion are 







Hvr2 










U' 




+ Hvm'i + 


G-^W 



I 








(12) 



Following the prescription of Ref . |1l4| , piq] , one now look for possible static string configura- 
tions that represent a pair of heavy quark and anti-quark. These strings are infinitely stretched 
* Throughout the paper, unless exphcitly specified, we suppress the string tension l/Aira' = 1. 
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Uo i ^ 

Figure 1: Possible macroscopic string configurations representing various tinielike Polyakov- 
Wilson loops at finite temperature. Tie Schwarzscliild horizon is located at a'Uo- Tie first 
is a pair of straight, oppositely oriented strings stretched between the adS^ boundary and the 
Schwarzschild horizon. The second is a U-shaped string runnig between quark and anti-quark. 
The string tip is the closest point to the horizon and is located at aUo. For comparison, U-shape 
string at zero temperature is also shown. 

out of the adS^ boundary and acts as static color sources of the boundary superconformal 
Yang- Mills theory. As in zero temperature situation |15|, we will find that there are two 
possible string geodesies. The first is a pair of oppositely oriented straight macroscopic strings. 
At finite temperature, a novelty of this configuration is that both strings end at a'Uo, not at a' 



U = 0. This is a consequence of Maldacena's observation |[T^ that near extremal D3-branes 
are located at the Schwarzschild horizon. The second is a U-shaped string inter-connecting 
quark and anti-quark. The two possible configurations are illustrated in Figure 1. 

We begin with the first configuration: a pair of straight macroscopic strings. The strings 
are stretched between a'U = oo, the boundary of adS^, and the Schwarzschild horizon, a'Uo: 

U = a, X|| = constant, O5 = constant. (13) 

Each macroscopic string of opposite orientation is a realization of timelike Wilson- Polyakov 
loops (P), (P^) in Eq. (4). Likewise, two parallel macroscopic strings of opposite orientation 
(parametrized as in Eq. ([13|) ) at a separation |d| is a realization of the two-point Wilson- 
Polyakov loop correlator (P^(0) P(d))T in Eq. (5). As the two are oriented oppositely but have 
the same SO (6) angular position fis, the supersymmetry is completely broken and an attractive 
force will act between them. The force has no visible effect, however, as the quarks are heavy 
enough. In Figure 1, we have illustrated the configuration running along the a'U-direction. 
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Regularizing the string length by A = U/Uq, the total energy of the quark pair Eqq (measured 
in gauge theory unit) turns out equal to the mass of the quark pair at temperature T: 



2(A-1)Uo = 2Mq; 



(A 



oo 



(14) 



Of some interest is the fluctuation dynamics of the macroscopic strings. The dynamics 
would be relevant for understanding Hawking radiation from the Schwarzschild anti-de Sitter 
black hole Eq. (2) along the string and the thermal distribution of string configurations. ^Prom 
Eqs. (7,10), one finds that harmonic fluctuations are governed by the Lagrangian: 



1 



+ 



Introducing Schwarzschild anti-de Sitter tortoise coordinate 



H 



one finds that the equations of motion may be expressed as: 



dl + M\T) Y||(r,t) = 



where Yp (r, t) — UX|| and 



and 



M2(r) 



9ls 



(15) 



(16) 



(17) 



(18) 



n^{T,t)^Q. (19) 

Fluctuations of the transverse field Y|| obey the Klein-Gordon equation with spatially varying 
mass M(r). Outside the Schwarzschild horizon, M(r) is always positive and grows indefinitely 
as the boundary of adS^ is approached. As this renders normalizable solutions, harmonic 
fiuctuations along the Xy direction remain always bounded and stable. Fluctuations of the 
angular field O,^ are free, hence, form a (1 -|- l)-dimensional Bose gas at Hawking temperature 
Tr — Uo/TTg'efr- Logarithmic infrared divergence of the latter system will then cause the classical 
string configuration to wander on 5*5. Over a time interval Ar, for example, thermal ensemble 
average yields 



27r 



(20) 



At large and strong coupling g^^ oo, M(r) vanishes and Yy fields exhibit thermal infrared 
divergence as well. In turn, fluctuation of Xn fleld is estimated 



1 A 



(21) 



The fluctuation is most pronounced near the Schwarzschild horizon. 
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We now turn to the second configuration: a macroscopic U-shape string whose each end 
is connected to quark and anti-quark at the boundary of adS^. Parametrizing the string via 
static gauge: 

fis = constant, (22) 



Xii 



the equations of motion 



cm, 



H_ 

G 



/U'2 + 

U' 



H 

G ■ 



/U'2 + f , 



U'2 + # 



(23) 



G 



are solved straightforwardly by the first integral 



f- 



U 



G_ 
H 



constant. 



(24) 



The left-hand side is greater than or equal to —ges/^o- iFrom Eq. (|TT]), however, physically 
meaningful solution results only when the first-integral is positive definite. Therefore, we take 



U 



G 
H 



9cs 



(25) 



where the positive first integral is parametrized in terms of a = U*/Uo 0. One may interpret 
Eq. ( p5D as a conserved 'energy' of a one- dimensional analog particle for which ' is treated as 
a time derivative. Simple phase-space consideration show that the entire configuration of the 
string lies outside the Schwarzschild horizon, i.e. U > Uq. 

/^From the first-integral Eq. (P5|) one obtaines an implicit solution: 



Uo 

9eH 



dy 



(26) 



/(^4_l)(^4_«4) 

where Y = U/Uq and ranges over 1 < a < Y. Inside the square-root of the integral is a 
fourth-order polynomial in y"^. Such an integral can be always brought into a form of an elliptic 
integral by a change of variable Lj{y) = ja + a/y"^)'- 

doj 



Uo 

fi'cfr 



X 



1 Va^ 



duj 



Here, z = uj{Y) and 7 = uj{a). Note that 1 < 7 < 2;. Explicitly, in terms of elliptic integrals, 
d\ 



(27) 



Uo 

5'eff 



X — 



1 Vo^ 



F sin~^ 



_7 / 7 + 1 
I'V 27 , 



F sm-\ 



u — 7 



n 



27 



(2^ 



^The zero-temperature limit (which is also the extreme D3-brane limit) is reached by taking Uq — > 0, a ^ 00 
while holding VQ{a^ — 1) fixed. Also, positivity of restricts the range of a to 1 < a < U/Uq < 00. 



6 







1 



2 



3 



4 



5 



6 



7 



Figure 2: Functional relation between the inter-quark distance d and (a^ — 1)^/^. For d < 
c^max, the maximum inter-quark distance, there are two possible U-shape string configurations 
representing the Wilson-Polyakov loop correlator at two different values of a. Also illustrated 
for comparison is the same functional relation at zero temperature. Note that, at any d, the 
zero temperature configuration is always unique. 

where F{a, fi) denotes an elliptic integral of the first kind. As in the zero temperature case, the 
parameter alio = is the U-location for the tip of the U-shaped string. Typical configuration 
of the string is illustrated in Figure 1. 

The inter-quark distance d is determined by the parameter a: 



where K denotes the complete elliptic integral of the first kind. The functional relation between 
a and d is plotted in Figure 2. The striking difference from zero the temperature limit, which 
is also plotted in the figure, is the presence of a maximal separation distance, d < dj^ax, in case 
the quark pair is connected by the U-shape string. For a fixed d < (imax, Figure 2 shows that 
there are two possible U-shaped string configurations at two different values of a. Recalling 
that the tip of the U-shape string is located at aUo = U* (See Figure 1), one would expect that 
a configuration with larger value of a parameter has shorter length, hence, is an energetically 
more favorable configuration. 

The total energy of the U-shape string of inter-quark separation d is 



which is again regularized by A introduced in Eq. (14). Among the aforementioned possible 
string configurations, the lower energy configuration will represent the stable Wilson-Polyakov 
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(29) 




(30) 



V 








d 



Figure 3: The heavy quark potential Vi^QQ^{d) defined in Eq. (31) as a function of inter- 
quark distance d. The upper dashed and the lower solid-dashed curves corresponds to two 
distinct string configurations for a given d < cimax in Figure 2. The dashed are U-shape string 
configurations that have higher total energy than the straight parallel string pair. Note that 
< dmax- For comparison, the heavy quark potential at zero temperature is shown in the 
lower solid curve. 

loop correlator. For the U-shape string configuration, after subtracting the mass of the quark 
pair, 2Mq, the heavy quark potential is: 



The dependence on the inter-quark distance d is obtained by inverting Eq.(29). The result is 
plotted in Figure 3. 

In Figure 3, the energy of the U-shaped string configuration with the smaller a-value is 
plotted as the upper dashed line while the one with the larger a-value is shown as the middle 
solid-dashed curve. The latter is clearly the lower energy configuration. Its potential curve 
crosses zero at d = d*. Once d > d^,, Figure 3 shows that the configuration with two straight 
strings has a lower energy than the U-shape string configuration. As the two straight strings 
have no interaction energy, the heavy quark potential vanishes for d > d^,. Moreover, for all 
values of Uq, one finds d^, < rfmax- Summarizing, we have found that the two-point correlator 
of the Wilson-Polyakov loops Eq. (5) in gauge theory is described in adSr, supergravity by a 
U-shape string for d < d^, and by a pair of straight strings for d > d^,. 

We now derive an analytic expression for the heavy quark potential. At d < d^,, a is large: 



^(QQ)K^) - 2Mq 




(31) 
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1 < a ^ oo. Expanding Eq. (^) in powers of 1/a, one finds 

Uo(i /I 1 1 



gcs2 5a5 lOa^ ' ^^^^ 

where 

c = v^E(l/v^) - ^K(l/v^) = ^ 0.56 (33) 

and E denotes the complete elhctic integral of the second kind. 
Inverting eq . (|3^) , one obtains 

aid) = '-^^-'-(^]\^ + .... (34) 



Uo d 5 \2cgcs 

Likewise, expanding Eq. ( pl|) in powers of 1/a and using the asymptotic relation Eq. (^ 
finally obtains asymptotic expansion of the heavy quark potential: 



^{QQ)(^'^) 



i _ Up 



+ ^(:^Yd^ + . 

10 \2cg^{fJ 



(d < d,) 

(35) 

(rf>4). 
It is interesting to compare this with the pure SU(N) gauge theory, Eq. (6). Due to thermal 
excitations, both Eq. (6) and Eq. ( p5D exhibit short-range interaction ^. The two have different 
origin, however. The qym and N dependence is strikingly different. The l/|d| dependence in 
Eq. (6) is due to nonperturbative magneto-effects, whereas in Eq. (^) it is from the underlying 
conformal invariance. The conformal invariance also constrains the heavy quark potential 
V^QQ-jC? to depend on temperature only through the unique scale-invariant combination {Td). 
Another point to be emphasized is that, at any c?, the heavy quark potential energy is always 
higher at finite temperature than at zero temperature (the lowest curve in Figure 3). 

Actually there exists another string configuration that solves equations of motion Eq. (23). 
In fact, the first integral Eq. (24) has a separatrix at the Schwarzschild horizon U = Uq and the 
extra solution is a configuration inside the horizon. While its interpretation is not clear, in view 
of recent claims |PT[ that large gauge theory also covers the Minkowski region behind the 



Schwarzschild horizon [|, the new configuration might be relevant to issues such as resolution 
of black hole singularities [^]. Hence, we present briefly the configuration and leave its proper 
interpretation for future work^. Solving Eq. ( p5l) for < U < Uq, 

— fx--^ = ±v/^43T r dy , ^ ; (0<r<l) 

9eS V 2/ Ja J(a4-|/4)(l_^4) 



^Recall that, in Eq. (6), the electric mass arises perturbatively but the magnetic mass is a nonperturbative 
effect. 

''in fact, Minkowski spacetime formulation of finite temperature gauge theory is necessary if one were to 
study, for example, transport phenomena. 

^J. Minahan pointed out that the solution presented in the first version of this paper did not have real energy 
in Minkowski spacetime. The solution actually describes an Euclidean tunnelling. He informed us that he has 
also found the configuration discussed below. 
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(b) 



(c) 



Figure 4: (a) string inside Schwarzschild horizon, (b) distance d versus first integral parameter 
a, (c) total energy as a function of d. Note tie existence of a maximal distance (imax- 



±- 



1 Vc 



sm 



27 



/7 + 1 



+ 7 V 27 



I 27 
2 + 7' 



/ 7-I 
27 , 



where 7 



I (a + 1/a) and 2; = c<j(y). The distance d between two ends of the 



macroscopic string at U = is given by: 



Un d 



1 ^M 



9cs 2 477 



K 



/ 7 + I 
27 , 



K 



/ 7-I 
27 , 



As the string extends only inside the horizon, the total energy: 



E{a,T) = 2\Jo / dy 



is always finite. In Figure 4, we have plotted the string configuration, d versus a-parameter, 
and the energy E function of distance d . 



3 Near- Extremal Dynamics of Born-Infeld Quark 

In deducing that the Polyakov- Wilson loop correlator exhibits the expected deconfinement 
phase behavior at finite temperature, we have taken the interpretation that straight macro- 
scopic strings terminate at the Schwarzschild horizon Uq. This is a consequence of Maldacena's 
observation |]l8l that near extremal D-branes are located at the horizon, not at the singular- 
ity U = 0. As this phenomenon has played a crucial role in deducing the behavior of the 
heavy quark potential, we now would like to examine it from a different angle to gain a better 
understanding. 



^This point has also been stressed in po[ 
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Introduce a probe D3-brane in the background of near extremal D3-branes. World- 
volume dynamics of the probe D3-brane should be sensitive to the position of the N near 
extremal D3-branes and tell us where they are actually located. To identify that, we consider 
a single quark state on the probe D3-brane and study its fate as the probe D3-brane passes 
through the Schwarzschild horizon. Unlike quark anti-quark pair, a single quark on a D3- 
brane carries net color electric flux. At weak coupling Aub — 0, a single quark state is where 
Type IIB string is attached and the electric flux is conserved charge of the fundamental string 
number [^. We will now show that the electric flux of an isolated quark becomes unphysical 
once the probe D3-brane falls inside the Schwarzschild horizon. As this implies that conserved 
string number becomes unphysical as well, we would conclude that fundamental string cannot 
penetrate through the horizon. 

At strong coupling g^s oo, isolated quark excitations are accurately described by the 
large A^ resummed quantum Born-Infeld Lagrangian: 



^DBI 



/ d^x J-det {Gab 

AlIB J 



ab) 



(36) 



where Gab = daX^^ dbX^G fj,u{X) denotes the induced metric and Fab is the worldsheet gauge 
field. The Wess-Zumino term Lwz provides a volume-dependent self-energy potential. From the 
Schwarzschild anti-de Sitter background geometry Eq. (0), the quantum Born-Infeld Lagrangian 
for a probe D3-brane is derived straightforwardly. For spherically symmetric excitations of U 
and electric fields only (' = 9^, E = r ■ E): 



477 



^DBI 



A 



IIB 



r dr 



G 



IH + GU' 



GW 



(37) 



Canonically conjugate momenta of U and the gauge field are: 

l/H 



AiiB Hu 



AiiB 11/ 



U 



E 



H + G\]' 



H ^ 



GE2 



'H + GV'^ - f U2 - GE2 
Thus, restricting to a static configuration, the equations of motion are 



(38) 




GIJ'^-GE\ 







dy 



1 

G 



H + GU'^ - G'E2 - 1 



(39) 



The first equation is nothing but the Gauss' law constraint on the world-volume. At zero 
temperature, H ^ 1, and the two equations are solved simultaneously by a first-order BPS 
equation E = U' |T^. 
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At finite temperature, it is quite difficult to find an exact solution to the equations of 
motion. Hence, we will consider approximate solutions of an isolated quark, from which useful 
conclusions can still be drawn. Consider ffist the limit in which the electric field E is excited far 
more than the U-field gradient. From the second of Eq. (pQ]), this is a good approximation in 



so far as U is not too small. We thus set U = Up constant and solve the Gauss' law constraint. 
The solution is 

E{r) = , , (40) 

where = {GQlY^'^ and H = H{\]p),G = G{Up). The solution Eq. (|40|) represents an 
isolated quark of total electric charge Qe- The Schwarzschild metric function H plays the role 
of a dielectric constant and screens the bare electric charge Qe- The behavior of H, however, 
depends sensitively on the location Up of the probe D3-brane. Outside the horizon Up > Uq, 
H > summarizes effects of thermal excitations. Inside the horizon. Up < Uq, -f^ < and the 
electric field becomes purely imaginary. Moreover, Eq. ( ^71) shows that the energy also becomes 
purely imaginary. Such pathological behavior is evaded only if D3-branes does not fall inside 
and stay exactly at the Schwarzschild horizon. Likewise, fundamental strings cannot penetrate 
through and would end at the horizon too. 

The field energy of the isolated quark Eq. (40) is calculated from the Lagrangian Eq. (p6D: 

= / r'dr^ \VH - GE2 - 1 



Ait \fE - roo 



Attb G ^ Jo 



x^ ,/H 



(41) 



At the core a; ~ 0, the integral is completely convergent. As tq depends on the function G, one 
may interpret the ultraviolet finiteness as a consequence of anti-de Sitter background geometry. 
On the other hand, since H < 1, the quark energy is infrared divergent at x ^ oo. The infrared 
divergence is absent at zero temperature, H = 1. Hence, one may attribute it as a consequence 



of strong infrared divergence in gauge theory at finite temperature [O. After regularizing the 



infrared divergence by replacing the second term in Eq. (^) by unity, one finds that 



i^Q^ := (f -o^j iV- 0.618. (42) 

The field energy clearly displays the fact that color charge is distributed over a ball of radius 
tq. The field energy on the probe D3-brane vanishes as the brane approaches the Schwarzschild 
horizon. This is a behavior consistent with Eq. (14) that a pair of straight macroscopic string 
ending on the Schwarzschild horizon has no interaction energy. 

So far, we have approximated the single quark configuration by suppressing the U-field 
excitation. While exact considerationa are not feasible, it is transparent what modifications 
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one might expect for the isolated quark, Eq. (^Ol). Including the contribution of G\J'^ to the 
Lagrangian Eq. (pTj), one recognizes that \/H in Eq. (|iO|) is now replaced by an implicit function 
VH + GU'^ . The new color electric field is physical only if U'^ + H/G > 0. Identifying r = a, 
one finds that this coincides precisely with the first-integral Eq. (25). Moreover, from Eq. (|39D , 
a real- valued U-field configuration is obtained only if U'^ + H/G > E^ > 0. Again, this results 
in the condition of Eq. (25). Thus, we conclude that D3-branes and fundamental strings ending 
on them cannot fall inside the Schwarzschild horizon. 

4 Discussions 

In this paper, we have studied the finite temperature behavior of d = 4, Af = 4 superconformal 
Yang-Mills theory. Utilizing the correspondence of the large N and strong coupling limit to 
Type IIB supergravity compactification on Schwarzschild anti-de Sitter spacetime, we have 
studied correlators of the Wilson-Polyakov loop and the heavy quark potential. We have found 
that the potential exhibits behavior expected for the deconfinement phase at high temperature. 

At zero temperature, the timelike Wilson loop is realized by a U-shaped macroscopic string 
for any interquark separation. At finite temperature, we have seen that the string configuration 
is either a pair of straight strings or U-shaped. On the supergravity side, the new feature that 
emerges at finite temperature is the Schwarzschild black hole and its gravitational potential in 
addition to the zero-temperature, anti-de Sitter gravity. Hence, one may heuristically interpret 
that the transition from a U-shaped configuration to a pair of straight strings as the interquark 
distance is increased is a result of pronounced gravitational attraction acting on the macroscopic 
string. 

Crucial to the present study was the fact that macroscopic strings end at the Schwarzschild 
horizon, not at the singularity. To understand this behavior, we have studied a single quark 
state on a probe D3-brane in the Schwarzschild anti-de Sitter spacetime. We have found that 
the state becomes unphysical if the probe D3-brane were to fall into the Schwarzschild horizon. 
To avoid the pathology, D3-branes as well as fundamental strings ending on them are required 
to stay on or outside the horizon. 

There remain many interesting issues to be explored. Viewing c? = 4, A/" = 4 superconformal 
gauge theory as a prototype quenched QCD, it would be most interesting to study in depth 
issues of confinement and chiral symmetry breaking. We also believe that possible resolutions 
of the black hole singularity in string theory might be intimately tied to such issues in gauge 
theory. 

We thank G. Horowitz, J. Minahan and S. Yankielowicz for comments on the first version 
of the paper. SJR and ST wish to thank M.R. Douglas, W. Lerche and H. Ooguri, organizers 
of Duality '9S workshop, and the Institute for Theoretical Physics for warm hospitality, where 
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